September 20 Math 2306 sec. 51 Fall 2021

Section 8: Homogeneous Equations with Constant Coefficients

We consider a second order', linear, homogeneous equation with
constant coefficients

d?y  dy

If the number m is a solution to the characteristic equation?®

+cy=0, witha#0.

am? + bm+c =0,

then y = €™ is a solution to the differential equation. There are three
cases for m.

"We'll extend the result to higher order at the end of this section.
2The expression am? + bm + ¢ is the characteristic polynomial, and the equation
am? + bm + ¢ = 0 is called the characteristic or auxiliary equation.
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Case I: Two distinct real roots

ay’ +by' + cy =0, where b?—4ac>0.

There are two different roots my and m». A fundamental solution set
consists of

y1 =€e™M* and y, = e™*.

The general solution is

y = c1e™* + coe™X,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

If the characteristic equation has one real repeated root m, then a
fundamental solution set to the second order equation consists of

y1 =€e™ and y, = xe™.

The general solution is

y = c1e™ 4 coxe™.
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Example b,,»

Solve the IVP /
y"+6y +9y =0, y(0) =4, y'(0)=0

Th 0\/\“"‘””& CAsXC Qs‘oo-h‘;\\ \ S

M+ bm + 4=0
re()po.\T@

Lodo (M+3)Z=O = M= 73 ost
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-3x -3x
\:) C e + C‘LX 6
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e x
Ppels Mee C’ -3% ~3x 3%
\0:»3@@ + C.,6 -3BCxe

Y= Ce + G o=y = C=M

o

\O((oJ—- —3c\e° +c1é> _3C, 0¢€e = o

3o 4 70 D (2=3C.=3H

| The soluien 4 X WP

-3x -3X
vy:=Ye + (Zxe
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Case lll: Complex conjugate roots

ay’ +by +cy=0, where b?>—4ac<0
The two roots of the characteristic equation will be
my=a+i3 and my=a—i3 where i?=—1.

We want our solutions in the form of real valued functions. We start by
writing a pair of solutions

Y1 — e(a+iB)X — eozxeiﬂx’ and Y2 _ e(a—iﬂ)x — eaxe—iﬁx.

We will use the principle of superposition to write solutions y; and
y» that do not contain the complex number i.
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Deriving the solutions Case Il
Recall Euler's Formula® : e = cos@ + isiné.

Y, = e¥efX - e Clos ((saa “« (S "\Qﬂ)\

Y2 = eaxeiiﬁx =

<C2>s.(%z)<\ — QM(%X\>

Wy teede -k (28sp)) = & asex)

"

. X o X ’
L"* @zzzl{q‘_?J'\_'H)z = %\T(ZL € g.‘w(@x)\y e SAIV\ (?X)

3As the sine is an odd function e~ = cos@ — isin 6.
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\O‘: C-’;Vcof (G)&) ond ‘:}L”’gwgﬂ‘(fx)

G-e«qreﬂ, %\b"\;&r\

o X

Y=, o Obs (fx) + ng %-wtfx)
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Case lll: Complex conjugate roots

ay’ +by +cy=0, where b?>—4ac<0

Let « be the real part of the complex roots and 3 be the imaginary part
of the complex roots. Then a fundamental solution set is

y1 = €% cos(fx) and y, = e**sin(Bx).

The general solution is

y = c16* cos(Bx) + c.e* sin(Bx).
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Example «\’&‘vg\\,}"f Nﬁe/‘“a ol
"

7 . >
(;S“s
2
Find the general solution of (Zit; + 43)( +6x =0.

Chocn ders ¢ 2egn
m?r st 6 =0

Mty dmad-Y +6
CM-—FL)?"* 2 =0

(\’\H—’b\’l = -2

™+ = ‘\,’X-Z = t(’E
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M= -2z O(IQ?

Complee C@Se Lo A =-Z omd \;—-Fz
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Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(5x) and e** sin(3x)
for each pair of complex roots.

> It may require a computer algebra system to find the roots for a
high degree polynomial.
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Higer Order Linear Constant Coefficient ODEs:
Repeated roots.

» For an n degree polynomial, m may be a root of multiplicity k
where 1 < k < n.

> If a real root mis repeated k times, we get k linearly independent
solutions

emx’ Xemx’ X26mx’ e Xk—1 ™
or in conjugate pairs cases 2k solutions

e** cos(x), €**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e" cos(x), x¥~1e™ sin(Bx)
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Example

Find the general solution of the ODE.
3"‘\orm, ey LQ"\"W?“‘““

y///+y//+4y/+4y -0

Cons¥ on* csek . @Cghav\é
hoe 3
The O\JWO—C,&'QJ\P\:L eq\\o.\‘(s»" AR) [\ '.r\a/\DEl\_/\_
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e i Udms 4 =0

Lo dorng by gravpiny
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M) = O = m= -1 ceote €
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Example

Find the general solution of the ODE.

are or;”‘ 0 naar, \NO"\-CD}uv-e oS

1" 1" / . _
y _3y +3y _y - 0 COAS)'W\A' CO‘Q.E

e need Y &.r\ ‘A‘\’J’P\ Solns

The  Onamdressiic QN S
e 3mT 4 3m -1 =0

Th.s 1S (m_\)B:Q = ™M= -_\‘\‘-ﬁ\e

The s Homr ar<.

Ax X% X K2
Vi=e e  y.:Xe , ys= X €
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The  enerel Slodne

X X - X
Y=GCG e +&Xe v Gx €
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Example o (37 e®

e 1'g
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The ODE W et o

y) —5y0) + 11y —31y*) + 40y©) —8y” + 48y’ + 144y =0 has
characteristic polynomial

(m? 4+ 4)2(m—3)2(m+1).

Determine the general solution. _ '
o V\eeé ; _D.'“\ . \:\A,O—f . $o\\,§x\55

(m+ W) (-3 (mer) =0

A,\?KA el N\\—

Melz o D M= F
.= e

(m-3\1= o m=3 dow®? o
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K Zx
Y= | v xe

(M1+U\5z—’o = ™'+ Y=0 _
M= tC2Z = OX ¢

g0 =72 N N
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y-f = 8 g‘w"\ ('?J)G)
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Yp = K€ G z) Y TXE S
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