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Section 6: Linear Equations Theory and Terminology
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Definition: General Solution of Homogeneous, Linear ODE

Let y1, ¥2,..., ¥, be a fundamental solution set of the n order linear
homogeneous equation (1). Then the general solution of (1) is

y(x) = ciy1(x) + Caya(X) + - - + CaYn(X),

where ¢, ¢, ..., C, are arbitrary constants.
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Remark: We're ready to consider nonhomogeneous, linear ODEs. We will use the
term general solution slightly differently in the nonhomogeneous context.



Reminder

Last time, we verified that y; = x2 and y» = x2 form a fundamental
solution set of the ODE

x2y" —4xy’ +6y =0 on (0,00),
and we said that the general solution of THIS homogeneous ODE is

y =1 X% + cox®.



Nonhomogeneous Equations
Now we turn our attention to nonhomogeneous equations. We will
consider the equation
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where g is not the zero function. We'll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

The associated homogeneous equation of (2) is
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This equation has the same left hand side as (2). It's simply the
homogeneous version of (2).
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General Solution (nonhomogeneous)
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Definition: General Solution of Nonhomogeneous, Linear ODE

Let y, be any solution of the nonhomogeneous equation (2), and let y;,
Yo,...,¥n be any fundamental solution set of the associated homoge-

neous equation.

Then the general solution of the (2) is
A
Y = ciyi(x) + Caya(X) + - + Coyn(X) + yo(X) =

where ¢4, ¢, ..., C, are arbitrary constants.

Note that ‘ Ye = Cc1y1(X) + Caya(X) + - -+ + Cayn(X) ‘




Another Superposition Principle
Consider the nonhomogeneous equation
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Theorem: If y,, is a particular solution for
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and y,, is a particular solution for
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then
Yo = Yoi + Y
is a particular solution for the nonhomogeneous equation (3).



Example x2y” — 4xy’ + 6y = 36 — 14x
We will construct the general solution by considering

sub-problems.
(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.
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Example x2y” — 4xy’ + 6y = 36 — 14x

(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of
x2y" —4xy' +6y =0.

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

@=9e+Ye

(Bb oL 'Z/\Né Y_,l\:\r\(_-\..p\{ sk Stper ypof ey

2 3
xgc—_ Ciy,+ Y. = C\% —+ CaX |

o]

Ye =6, *Y, G- Fx

‘_ﬂ\l— yheme <o \u»li&.—\ VS
y = Coxtu Cux’+ G- Fx




Solve the IVP
x2y" —4xy' + 6y =36 —14x, y(1)=0, y'(1)=5
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Section 7: Reduction of Order

In sections 7 and 8, we will consider finding solutions to some
linear, homogeneous differential equations. In this section, we’ll
only consider second order equations. To motivate the topic:

Consider the second order homogeneous ODE

xX2y" —xy' +y=0 for x>0.

» Note that y; = x is a solution.

» Question: Is y = ¢y the general solution? (Why/why not?)
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Section 7: Reduction of Order

We'll focus on second order, linear, homogeneous equations. Recall
that such an equation has the form

Standard Form

Let us assume that a>(x) # 0 on the interval of interest. We will
write our equation in standard form

Py dy
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where P = ay/ar and Q = ag/ ao.




%Y+ P(X)% + Q(x)y =0

Some things to keep in mind:

» Every fundamental solution set has two linearly independent
solutions yy and yo,

» The general solution will be
y = ciyi(x) + caya(x).
Suppose we know one solution y1(x). This section is about a process

called Reduction of order. Reduction of order is a method for finding
a second solution by assuming that

Yo(x) = u(x)y1(x).

The goal is to find the unknown function wv.



» We start with a second order, linear, homogeneous ODE in
standard form

d?y dy

» We know one solution y. (Keep in mind that y4 is a known!)

> We know there is a second linearly independent solution
(section 6 theory says so).

> We try to find y» by guessing that it can be found in the form

ya(x) = u(x)y1(x)

where the goal becomes finding u.

» Due to linear independence, we know that v cannot be
constant.




Example

Find the general solution to the ODE ~ x2y” — xy’ +y = 0 for x > 0
given that y;(x) = x is one solution.
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