September 22 Math 2306 sec. 51 Fall 2021

Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any™ + ap 1y "+ 4 ay = g(x)

where g comes from the restricted classes of functions
» polynomials,

> exponentials, e
> sines and/or cosines, S~ (x> o o (1x)

» and products and sums of the above kinds of functions

mx

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example'

Find a particular solution of the ODE

y" —4y' + 4y = 8x + 1
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'We’re only ignoring the y part to illustrate the process.
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lks suV Ye= Ax «R i~ds He obT .
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The Method: Assume y, has the same form as g(x)

y// o 4y/ +4y _ 6e—3x
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Make the form general

y' —4y' +4y =16x
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W\ \
Ve —HY9e +My, = lbx”
2A M (2Ax)+ YR = Lox

L’\P\f"—%J\x + 2A =\EX1*O?&—\-E')'
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September 22, 2021

8/35



:99 = Z2Ax -(g
9¢" = 2R

9 —Hup + Yy, = 16X

3
2A U (2Ax+8) + Y (Al 8x +C). = o x
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A=4, “3- 8A » g=2A =8
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UC = 4B-2A = C:B-5A:=8-5(0\=0

Loe Sq()u/\é \\l)f: L’\)(_’L-k gx-\' C)
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General Form: sines and cosines

y" —y' =20sin(2x)

If we assume that y, = Asin(2x), taking two derivatives would lead to
the equation

—4Asin(2x) — 2Acos(2x) = 20sin(2x).
This would require (matching coefficients of sines and cosines)

—4A=20 and —-2A=0.

This is impossible as it would require —5 = 0!
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General Form: sines and cosines

We must think of our equation y” — y’ = 20sin(2x) as

y" — y' = 20sin(2x) + 0 cos(2x).

The correct format for y, is

Yp = Asin(2x) + Bcos(2x).
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Examples of Forms of y, based on g (Trial Guesses)

(@) g(x) = 1 (or really any constant)
Zerd Q;oyee, ()O\v) N sea e

Ye = A

(0) g(x) =x—7
\g‘\- Ae v)r-.o. VQ\«B\

W Ax+ 8
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Examples of Forms of y, based on g (Trial Guesses)

_ 2
(C) g(X)_SX 2\/\& AQS’<( PQ\J i

ESP—_ l—\E(,L-k(\ZX "('C

(d) g(x) =3x3 -5
3ré $e3r¢e Poh, )

Ve = As + B+ Co «©

We'll look at more examples later.
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