September 22 Math 2306 sec. 52 Spring 2023

Section 6: Linear Equations Theory and Terminology
We continue to consider the n' order, linear, homogeneous ODE

d””y

a
W+"'+31(X)l+ao(X)y:0

dn
an(x)—y + an_1(x) o

ax”

Definition: Fundamental Solution Set

A set of functions y4, yo, ..., yn is a fundamental solution set of
the n'" order homogeneous equation provided they

(i) are solutions of the equation,
(i) there are n of them, and
(iii) they are linearly independent.

September 20, 2023 1/32



General Solution of n order Linear Homogeneous

Equation
dny dn71y dy
an(x)W+an_1(X)W+-~-+a1(x)a+ao(x)y:0 (1)
Assume that a, - - - , @, are continuous on some interval / and that a,(x) # 0

for x in 1.

Definition: General Solution of Homogeneous, Linear ODE

Let y1, ¥2,..., ¥y, be a fundamental solution set of the n' order linear
homogeneous equation (1). Then the general solution of (1) is

Y(x) = c1y1(x) + c2ya(X) + - - + Cnyn(X),

where ¢, ¢, ..., C, are arbitrary constants.
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Nonhomogeneous Equations
Now we turn our attention to nonhomogeneous equations. We will
consider the equation

n n—1
Yy

an(0) T a0 T a0t ay = o)

where g is not the zero function. We’ll continue to assume that a,
doesn’t vanish and that a; and g are continuous.

ay

()

The associated homogeneous equation of (2) is

n—1

d
o+ a0 4 ap(x)y =0,

This equation has the same left hand side as (2). It's simply the
homogeneous version of (2).

—|— an_ 1(X)

dn
an(x) gon

J

September 20, 2023

3/82



Definition: General Solution of Nonhomogeneous, Linear

ODE

Let y, be any solution of the nonhomogeneous equation (2), and
let y4, yo,...,¥n be any fundamental solution set of the associ-
ated homogeneous equation.

Then the general solution of the (2) is
y = ciy1(X) + Caya(x) + -+ - + Cnyn(X) + yp(X)

where ¢4, Co, ..., C,y are arbitrary constants.

Note the format

y = c1y1(X) + caya(x) + -+ + Ca¥n(X) + Yp(X)
—
Ye Yp
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Another Superposition Principle
Consider the nonhomogeneous equation

n n—1
() G + 801 () Gt +-++ @0 + 2oy = 1)+ 02() (3

Theorem: If y,, is a particular solution for

a0 T 1+ a0y = g1 (),

and yp, is a particular solution for

a0 L -+ a0y = (),

then
Yo =Ypi + Yo
is a particular solution for the nonhomogeneous equation (3).
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Example x2y” — 4xy’ + 6y = 36 — 14x
We will construct the general solution by considering (o
sub-problems. 0%
(a) Part 1 Verify that

Yp, =6 solves x2y” —4xy’ 4 6y = 36.

3 =0 2. W =
z Ky, - ”“‘9?’, +bygp, 36
e, 0 ?
' Koy - (O +6(6) =36
J
3L =36

S~ 2‘3\ Sola ¢

XL‘?-“ - Qwy +(a3 = 3b
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Example x?y” — 4xy’ + 6y = 36 — 14x
(b) Part 2 Verify that

Yo, = —7x solves x%y" —4xy' +6y = —14x.
?

391' = - X’Lz_,)p;l -Qyx vp.l +bYp, =~y

Je " =® . 2

N x“(o> —-‘{%(—’—?)—rﬂa(:bc) = My
2%% — M2y E vy

lux = -lMx

S L I A I C R
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Example x2y” — 4xy’ + 6y = 36 — 14x

(c) Part 3 We already know that y; = x? and y» = x3 is a fundamental
solution set of
x2y" —4xy' + 6y =0.

Use this along with results (a) and (b) to write the general solution of
x2y" — 4xy' + 6y = 36 — 14x.

Q=B *Ve &yt Gy ¥ Gy
~ 3
= C, %+ &¥X

Yo~ Yo, * deu Be = G- Fx

T %r“-“e/oQ seletiin 1S

Y=o Cox’n &7
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Solve the IVP
X2y" —4xy' + 6y =36 —14x, y(1)=0, y'(1)=5

The qenersl soldmin S
Y= Cixe C—LX’!-P 6-Fx
Preey, Y T C.

2
\9_‘—.. ac‘)( +3C~,,X "q-'

yly= ¢ (3= e LMY =0 = Ciwla=)

3 W3 -F =S A, +3G =12
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gb\«-h er 535\3'\1\ Ch+ G — \

gres 2Cir B=12
¢, +2¢, =L
gdﬂ\“‘\' C,- I Ci= 1= Ca> \=102-9
¥ gC-ﬂj)—r?(lb) 1\1 -8 +70 =1L (/
The sdwie~ o Mo ek \Jo\re
le\)\-ef‘-\ 15

y = - lox e 6y

.
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