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Section 6: Linear Equations Theory and Terminology

We continue to consider the nth order, linear, homogeneous ODE

an(x)
dny
dxn + an−1(x)

dn−1y
dxn−1 + · · ·+ a1(x)

dy
dx

+ a0(x)y = 0

Definition: Fundamental Solution Set

A set of functions y1, y2, . . . , yn is a fundamental solution set of
the nth order homogeneous equation provided they

(i) are solutions of the equation,
(ii) there are n of them, and
(iii) they are linearly independent.
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General Solution of nth order Linear Homogeneous
Equation

an(x)
dny
dxn + an−1(x)

dn−1y
dxn−1 + · · ·+ a1(x)

dy
dx

+ a0(x)y = 0 (1)

Assume that a0, · · · ,an are continuous on some interval I and that an(x) 6= 0
for x in I.

Definition: General Solution of Homogeneous, Linear ODE

Let y1, y2, . . . , yn be a fundamental solution set of the nth order linear
homogeneous equation (1). Then the general solution of (1) is

y(x) = c1y1(x) + c2y2(x) + · · ·+ cnyn(x),

where c1, c2, . . . , cn are arbitrary constants.
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Nonhomogeneous Equations
Now we turn our attention to nonhomogeneous equations. We will
consider the equation

an(x)
dny
dxn + an−1(x)

dn−1y
dxn−1 + · · ·+ a1(x)

dy
dx

+ a0(x)y = g(x) (2)

where g is not the zero function. We’ll continue to assume that an
doesn’t vanish and that ai and g are continuous.

The associated homogeneous equation of (2) is

an(x)
dny
dxn + an−1(x)

dn−1y
dxn−1 + · · ·+ a1(x)

dy
dx

+ a0(x)y = 0.

This equation has the same left hand side as (2). It’s simply the
homogeneous version of (2).
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Definition: General Solution of Nonhomogeneous, Linear
ODE

Let yp be any solution of the nonhomogeneous equation (2), and
let y1, y2, . . . , yn be any fundamental solution set of the associ-
ated homogeneous equation.

Then the general solution of the (2) is

y = c1y1(x) + c2y2(x) + · · ·+ cnyn(x) + yp(x)

where c1, c2, . . . , cn are arbitrary constants.

Note the format

y = c1y1(x) + c2y2(x) + · · ·+ cnyn(x)︸ ︷︷ ︸
yc

+ yp(x)︸ ︷︷ ︸
yp
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Another Superposition Principle
Consider the nonhomogeneous equation

an(x)
dny
dxn + an−1(x)

dn−1y
dxn−1 + · · ·+ a1(x)

dy
dx

+ a0(x)y = g1(x) + g2(x) (3)

Theorem: Superposition Principle Nonhomogeneous ODE

Theorem: If yp1 is a particular solution for

an(x)
dny
dxn + · · ·+ a0(x)y = g1(x),

and yp2 is a particular solution for

an(x)
dny
dxn + · · ·+ a0(x)y = g2(x),

then
yp = yp1 + yp2

is a particular solution for the nonhomogeneous equation (3).
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Example x2y ′′ − 4xy ′ + 6y = 36− 14x
We will construct the general solution by considering
sub-problems.
(a) Part 1 Verify that

yp1 = 6 solves x2y ′′ − 4xy ′ + 6y = 36.
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Example x2y ′′ − 4xy ′ + 6y = 36− 14x

(b) Part 2 Verify that

yp2 = −7x solves x2y ′′ − 4xy ′ + 6y = −14x .
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Example x2y ′′ − 4xy ′ + 6y = 36− 14x

(c) Part 3 We already know that y1 = x2 and y2 = x3 is a fundamental
solution set of

x2y ′′ − 4xy ′ + 6y = 0.

Use this along with results (a) and (b) to write the general solution of
x2y ′′ − 4xy ′ + 6y = 36− 14x .
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Solve the IVP

x2y ′′ − 4xy ′ + 6y = 36− 14x , y(1) = 0, y ′(1) = 5
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