September 22 Math 3260 sec. 53 Fall 2025

Chapter 3: Matrix Algebra
For m x n matrices A = [g;] and B = [b;] and scalar ¢, we defined
» the row and column vectors,
Row;(A) = (aj1, ajg, ..., ain), for i=1,....m

and Colj(A) = (a1j,aj,...,amj), for i=j,...,n
» matrix addition: A+ B = [a; + bj], and
» scalar multiplication cA = [ca;j].
Recall that the entries can be referenced using two notations,

aj = A)-
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3.3 Multiplication of Two Matrices

Suppose Ais an m x p matrix and B is a p x n matrix. Then the product
ABis the m x n matrix

AB = [(AB)(’I)L where (AB)(,J) = ROW,‘(A) . CO|I(B)

If the number of columns of A does not match the number of rows of B,
then AB is not defined.

AB
mx pp xn
NGO

mxn

The inner numbers must match for the product to be defined, and the size of
the product is determined by the outer numbers.
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Example

-4 -3 2

4 —1
Let A= 1-—4 =5 and B=|0 5.
4 —4 3 1 5
6 2 -6
Find the product AB. AL
W¢3J3X7—
L
Yx &

(A/E)(i,l) = Rou, (A\ . Cuﬁ\(B)
= (-4 -3, 2, 0,\> = -8

(AG) (. ay = Rous AV Cod. (B)
| = (-1,-3,-2) " -\, 5.8 = 72N
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(A’@ B('L,I\ -

(ABN (2,2 =
CP‘B)(’5,|) =

(p‘ @5 (3,‘2 ) :

s ‘]

A= and B=|0 5
4 -4 3 1 s
6 2 -6

<\,_M/-S>' LM'Q'ljtzl

AT R SV AR =G

(u w2y EnetD - '

(a4 -w,3D° Lo, 52 =
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4 -4 3

6 2 -6 1

Rl s -
A= and B=|0 5
5

(AG>(M,.\ R La,o,\0= (3

u\@\cu.z) - (6,2, -0> (-i/:ﬁ) =26

= G-y 4 20+ ((6)(5) = b +/0-70

,L\/\g - -l -zl
-\ -u b
\9q -9
K
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2 —1 1 -3
ExampIeA:[_4 2],8:[2 —6]

Find the product AB.

AR 2 _\) | -3
e AR = L 2 -6

Ny

(A
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2 —1 1 -3
ExampIeA:[_4 2],8:[2 —6]

Find the product BA.

K@Az B A- L( —3][1 -\]
-L><L/z>< 2z -G U
¥
ng —M/l :

2z
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Matrix Multiplication Does Not Commute

» If the product AB is defined, it is not necessarily true that
BA is defined.

» If AB and BA are both defined, the products are not
necessarily the same size.

» |f Aand B are both n x n matrices, then both AB and BA
will be defined and will be n x n.

» However, even in this case, in general

AB + BA.

It’s not impossible to find a pair of matrices A and B for which
AB = BA. However, these are special examples.
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Example A = { B 3 52 }

1
B= [2 —6}""”"0_{—10 4

] Now, compute AC.

A C 2 -\ -5 z
T P he [‘H 2 ) ['{“’ %X
"

2% o O“X
o o

We computed AB =

2
o
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More Caveats

The zero product property of real numbers.

If a and b are real numbers such that ab = 0, then a = 0 or
b=0.

Question: If Aand B are 2 x 2 matrices such that AB = O, 5, can we
conclude that A= Oy or B = 05457

r\)0, A’g Conm zq\.ﬂJ\ Ozxz gV

k—(_ A * Ozvﬂ- -~ ,\2 4 Ozﬂ ’
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More Caveats

Cancelation law of real numbers.

If a, b and ¢ are nonzero real numbers such that ab = ac, then
b = c. Thatis, a cancels.

Question: If A, B, and C are 2 x 2 matrices such that AB = AC, can
we conclude that B = C? That is, does A cancel?

MOJ A'@ Cov -Q>r_)09~ AC_ oQuUe—~
& W+
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Consequences of Non-commutativity

» There is no “zero product property” for matrix multiplication. That
is, AB = Onxn, DOES NOT imply that A or B is a zero matrix.

» There is no “cancelation law’ for matrix multiplication. That is,
AB = AC DOES NOT imply that B = C.

Exercise: Let X = { _1‘21 _; ] Compute X2 = XX.
><’L ><>< S (
12 -3

>< s Ca]\.e& ’-\:-C\,'Q,MX’OLO"‘*.
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Algebraic Properties

Some Algebraic Properties

Suppose Ais an m x p matrix and B and C are p x n matrices.
Then

A(B+ C) = AB+ AC.

And, if ¢ is any scalar, then

A(cB) = (cA)B = c(AB).

Remark: It is also true that matrix multiplication distributes on the right
side of matrix addition. That is, if Aand Bare mx pand Cis p x n,
then

(A+ B)C = AC + BC.
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3.4 The Transpose of a Matrix

Transpose

Suppose A = [a;] is an m x n matrix. The matrix A, called the
transpose of A, is the n x m matrix defined by

(AT)(i,j) = Agii)-

That is,
A= [a,-j] < AT = [a,-,-].
Note that this implies that

Row;(A) = Col;(AT) and Col;(A) = Row;(A").
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Example
Identify AT and BT given

1 -4 6
AR K. ‘-j
2x T A P\ -3 2
R s < z |
2x 3 Jxt Q- :_-:
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Examples

Evaluate (AT)T Af [\ =2
3
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Examples

1 -3 2 0 2
A= [2 2]’ and B‘[1 —4 6]

Evaluate AB and (AB)T or state why they are not defined.

A3 o z
,gxi/zxf} AR - \‘ } L=\ (9‘]

) W (L A\
e ] (:’L -8 8]
Ay N -z
(PO - & l
_ -1 8
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Examples

1 -3 2 0 2
A‘[—z 2]’ and B‘[1 —4 6]

Evaluate BA and (BA)" or state why they are not defined.

TA TA € we it

Z>o3+9>‘1 R Loy 3 cdemmnr

A los - Q LS |
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Examples

1 -3 2 0 2
A:[_2 2], and B:{ ]

Evaluate BT AT or state why it is not defined.

T 7 \ -2
A /\g/A\T> z -\ [’3 'L]
2 6

3IxT kT

J
v
Y | .z

3
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Examples

1 -3 2 0 2
A:[—z 2]’ and 52{1 —4 6]

Evaluate AT BT or state why it is not defined.

[f R NS dbined
2x2  3x*t

+ AT bar 2 e

3 hes 3 et
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Observation

For this example, we found that (AB)" = BT A”. This is not a
coincidence. We can argue that

((AB)T)(i,j) = (BTAT)(I'J)'

ReclQ X_E(,q) = X(q,m
KNy - o (00 Gl ()
Tzwf(w-—' Qoo (X' ) =~
Ry
The  oma ¥ Looe er\(n,\-\'\'cf needeo) Bor oocr
oro
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((AB)T),,, = (BTAT)

(i) (i)

(RRT), - (AB) s
J
- xzowj(m- G0 (R)
= ol (K- Rows: (B7)
* Rew, (V) G193 (A)
- GET P‘T)(",‘A\
. J
Siaee 20c | a,\\«v) 3G (P\—%\‘ Y eot})"& o
e Corr\e5€°,\é.~> em\‘\\g ok ’E—\- /Sg o
C o Conc_lk-L_Q 3(\.(:/\“ (A’ES__ ,@TP'(( '
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Algebraic Properties

Let A and B be matrices such that the appropriate sums and
products are defined, and let r be a scalar. Then

(i) (AT =

(i) (A+B)T AT+BT
(i) (rA)T = rAT

(iv) (AB)T = BTAT

\.

Remark: Note what this last property says. It says that the transpose of a
product is the product of the transposes, but in the reverse order. This can be
extended to a product of more than two matrices. For example, when the

products are defined,
(ABC)" = CTBTAT, and (ABCDE)" =ETD'C'BTAT, etc.
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