September 24 Math 2306 sec. 52 Fall 2021

Section 9: Method of Undetermined Coefficients
We were considering linear, constant coefficient, nonhomogeneous
ODEs
any'™ + an- 1y 4+ a0y = g(x)

where g comes from the restricted classes of functions

» polynomials,

> exponentials, e.g. e k-constant

» sines and/or cosines, e.g. sin(kx) or cos(kx)

» and products and sums of the above kinds of functions

At first, we are looking at the y, part. The general solution will be
Y =Yc+ Yp.
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Method of Undetermined Coefficients

This is a method for finding a particular solution to
any'" + an_ 1y 4+ a0y = g(x)

by assuming that y,, is the same kind of function as g. We

» Determine what type of function g is,
> set up a guess for y, of this form with unspecified constant
coefficients,

> substitute our guess into the ODE,

» and then solve a system of equations for the coefficients by
matching like terms.
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Examples of Forms of y, based on g (Trial Guesses)

any™ + a1y + -+ aoy = g(x)

3x

(e) g(X) — Xesx \Sx’ Ae_sre.& eo\,o(\bm\ck 3r\.f‘\&l).g e

3 . >x 3
Ve = (Ax<8)e" = Axe +Be

() g0x) = cos(7x)  Lintor Combs of Gs(x) = Sm0x)

Je ” A s () # B Sen ()
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Examples of Forms of y, based on g (Trial Guesses)

(9) g(x) = sin(2x) — cos(4x)
Libeyr comYos of < (%) )GS(ZX\ ad Sin(Ux) , Cos(Ux)

‘OP = ASin(2x) +RGss (=x) + C 5~ (L) + D Cos (Ux)
(h) g(x) = x?sin(3x)
l_’\\./\gor C'om\o oS 0&’ Z“é Aegl\% vg\b AH\«LAJ

¥o~es S‘w\(?x\ o Cas (30)

Yo~ (PO(L-\:%)(—(- CBQ‘-/\ (B3) < C’DXL—(— Ex «F)Csc (?)a)
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Examples of Forms of y, based on g (Trial Guesses)

(i) g(x) = €% cos(2x) Limmeor combo oF & Cus(2)

ot & o (2x)
W= A& Cor (o) + B i ()

\ S JQSI‘ e

(J) g(X) = xe~ ¥ Sin(WX) LW\\Q(‘ ComPs wk

Qs\\g sy -é\ Mo s <in () ank  Cos(Tx)

G+ (Aex®) & Sin ()« (Cn eD) & Cos ()
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The Superposition Principle

any™ + a1y 4+ ay = gi1(x) + ..+ gu(x)

The principle of superposition for nonhomogeneous equations tells us
that we can find y, by considering separate problems

Yo, solves  any™ + a1y + ... + agy = g1(x)

Yp, Solves any(”) + an,1y(”‘1) + -+ apy = 92(x),
and so forth.

Then yp, = yp, + Yp, + -+ + Yo -
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The Superposition Principle
Example: Determine the correct form of the particular solution using
the method of undetermined coefficients for the ODE

y' — 4y +4y =66 + 16x%
o Con Coms e~ Aruss Fm\o\ems .

T ad Ve Wolk  Colees -
y'— Uy Uy - 6 e ymrbe”

Tond Yo, Wk S\=*¥e

g -t ety 2 bt peealedt
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A Gilitch!

y'—y =3e*
: Ve bl
Consx—“\— e \dj; ond Qmp“me\/\&ve)\ FLaWr.

X
%(X) = 35 C. Csns C‘v-k Lvas @
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Ag - Ne = e
0 = 2e

—&'\(\ue VS e Vol & B L
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Cases: Comparing yp to y.

any'” +an-1y" Vv ay = gi(x) .+ gel(x)
Consider one of the g’s, say g;(x). We write out the guess for y,, and
compare it to yq(x).

Case I: The guess for yp,, DOES NOT have any like terms in common
with ye.

Then our guess for y,, will work as written. We do the substitution to
find the A, B, etc.
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Cases: Comparing yp to y.

any + an_ 1y 4 aoy = gi(X) + ...+ gk(X)

Consider one of the g’s, say g;(x). We write out the guess for y,, and
compare it to y(x).

Case lI: The guess for y,, DOES have a like term in common with y.

Then we multiply our guess at y,, by x” where nis the smallest
positive integer such that our new guess x"y,, does not have any like
terms in common with y.. Then we take this new guess and substitute
to find the A, B, etc.
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Case Il Examples
Find the general solution of the ODE.

X

y' -2y +y=—4de
) L \
LeXs -C.Aé Ve UNE Ye sodes \%‘,2\9 « vy = e

Y = fy Y
The Clharse desy T ea oot e Y

> =0
M .—Zm-t-\ s
(M—\BI:Q = o= N\ oeX

X X

k{)': e ) \'51‘ ’Xe

X
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