September 26 Math 2306 sec. 52 Fall 2022

Section 8: Homogeneous Equations with Constant Coefficients

We consider a second order’, linear, homogeneous equation with
constant coefficients

d?y
aﬁ + bdx
The characteristic equation for this ODE is the second degree
polynomial equation

4

+cy=0, witha#0.

am® +bm+c=0.

If mis a solution to this polynomial equation, then y = €™ is a solution
to the differential equation. There are three cases.

"We'll extend the result to higher order at the end of this section.
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Case I: Two distinct real roots

ay’ +by' + cy =0, where b?—4ac>0.

There are two different roots my and m». A fundamental solution set
consists of

y1 =€e™M* and y, = e™*.

The general solution is

y = c1e™* + coe™X,
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Case Il: One repeated real root

ay’ +by' +cy =0, where b?>—4ac=0

If the characteristic equation has one real repeated root m, then a
fundamental solution set to the second order equation consists of

y1 =€e™ and y, = xe™.

The general solution is

y = c1e™ 4 coxe™.
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Case lll: Complex conjugate roots

ay’ +by +cy=0, where b?>—4ac<0

Let « be the real part of the complex roots and 3 be the imaginary part
of the complex roots. Then a fundamental solution set is

y1 = €% cos(fx) and y, = e**sin(Bx).

The general solution is

y = c16* cos(Bx) + c.e* sin(Bx).
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Multiple Choice

We can use a characteristic equation to find the general solution of

which ODE(s)?

1.y'"+xy/—y=0
2. y'+2y+y=0
3. y'+9y=0

4. y" +9y =/x
5. all of the above
6. 1., 2., and 3. only

@2 and 3. only

8. 2., 3., and 4. only
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Example
Solve the IVP

y'+6y'+9y=0, y(0)=4, y'(0)=0

Chaoddensic ega M?%e Gm+rg = 0O
épv\o\e,

CM+%\)15 O = ~=-3 (_ee\<

Vﬂ,\,_ sQL,A';—u\J' ar ¢
-3x - 3x
v\ = e and \QT = Xe

—D/\a_ s%MO—Q Sa\dﬁ'“ i

3% -3y
\a'v C\ e + (X e
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{
Apels 9=~ J(d=0

\ -3x -3 x -3x
\éz'gc.e + e -3GXx e

Y= e Goe = =GN
Y@= 3 e« GeE-ICGO0E =0 3 4( -0

= C,=3C, =3 =\

m S&\\-\A—\’\\\ ’\T_" X’L\g \\J P S

-3x% -3 x
%—-H e + x e
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Example
Find the general solution.

y//+4y:0

C\,\a.—m&o_r'd*:c %\/\ A M—L—\' k"( =0
= s =M

M:A::&—L‘\ ::\:QL

M= o{ﬂ’(e (N =0 one (%—_7_

—r"\*- S§\V\A—‘:§f\f oS £

Y e Gs(2xN .= e S (20)
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—\\/\L 3ev\0f&* SB\U\/X\\Q"'\ \(Y

(g-, c. s () + G Son ()
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Exercise

Determine the general solution of the second order, linear, constant
coefficient ODE
y'+3y'+2y=0

-7x -X -x -1
&QZC“C « C, e or Y=Cie +C e

it Dae L= 0

(on+ 2D (m+\) =0

M = -

m, = -1

September 26, 2022

10/58



Higer Order Linear Constant Coefficient ODEs

» The same approach applies. For an n' order equation, we obtain
an n" degree polynomial.

» Complex roots must appear in conjugate pairs (due to real
coefficients) giving a pair of solutions e** cos(5x) and e** sin(3x)
for each pair of complex roots.

> It may require a computer algebra system to find the roots for a
high degree polynomial.
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Higer Order Linear Constant Coefficient ODEs:
Repeated roots.

» For an n degree polynomial, m may be a root of multiplicity k
where 1 < k < n.

> If a real root mis repeated k times, we get k linearly independent
solutions

emx’ Xemx’ X26mx’ e Xk—1 ™
or in conjugate pairs cases 2k solutions

e** cos(x), €**sin(Bx), xe™*cos(fx), xe“*sin(Bx),...,

xk=1e" cos(x), x¥~1e™ sin(Bx)
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Example

Find the general solution of the ODE.

y///_3y//+3yl_y — 0

L;W\LQ(‘ ) »\101\,\0 e oS ) Cons ¥ o (’oQ(f )

The Chorecdrer sk e ggoaton S
M- 2P ¢ 2m - | = O
) (m—l\jt (@

The gol‘)n‘\\.\f o~

N ~

A
4= e
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ﬂ\k %ev\er‘cJL Sb\ U\A‘~(‘v\ s

X X - X
\5—_ C.e + &.Xe + (53X g
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Example
Consider the 7 order homogeneous ODE

y —10y®) 1 48y0) _ 144y 4 288y — 384y" + 320y’ — 128y

The characteristic equation, completely factored, is 5\(53
S ,
(m-12+3m-20=0. &

Find the general solution.
A Qw\éowq}ol s\ b sk aeoes e \/\W\L =
g)lf\A \w\é,—\§2£ w C&Z w»¥ <§1>\L,.¥‘ { o~s |

Ea) e e

| R
(m2y=0 = ™= % gl 000

2% G n FX
9o & L damwe L X e
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((M"f* 3>2 o (-3 D+ =0

(sn-N+3=0 = (- =-3
= (w-D =23 =2 s V283 O
AN \ i ﬁk AU L\L\-\ on\o\-a, (\\"B"(f

gu- e (X)) 9= e Sa(Bx)

gorxe @@, ya - xe 9(Fx)
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/_/ -
_m 3€vxe!\<>e S~ ‘k)"iﬁf\ \\

¥ tx Tx

2z . X
v=Ce « Gxrxe + (3X'€ + Cy € Sos (83 x)

X X
+C5@X Sn(Bx)+ C, xe G (V3 X)) 4 Caxe S (3x)
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Section 9: Method of Undetermined Coefficients

The context here is linear, constant coefficient, nonhomogeneous
equations

any'™ + an_ 1y 4+ a0y = g(x)
where g comes from the restricted classes of functions

» polynomials,
M
> exponentials, ¢.., € bl e Pg\(”“L
. . ,Co
» sines and/or cosines, v () | or Cus (\,_XE A

» and products and sums of the above kinds of functions

Recall y = yc + yp, so we'll have to find both the complementary and
the particular solutions!
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Motivating Example?
Find a particular solution of the ODE
y'—a4y +4y =8x+1
The lefx s conckand ool ae bl il s
o poly Mot

: T ¥
& () = Sy «| s a \ Aég(\ee, ?"\7""‘““"L

. "
60555 9? (< a¥y  a | e\.esrae{/ ?“\VV\@V\:x\&Q

Sk \9()-. AX+KB for A)'T? Consdact

2We’re only ignoring the y; part to illustrate the process.
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?u\ef)’}ulc 3‘, )‘- /.\ 5 Y)P " =0

'\f\-\\—w

1

e - Hyp +Top = 8xrl

O -YCAY« U(Ax B ) = Bx~+)

YAX + (—MSB = Bx+)

Ma%c\,\ \.QL\KJ" -\-ef"'\“s
YA = = A= L

YA+UER = \ - ’B—.%‘;(\*”\AB‘-JQ(H8>

= —

bl
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