September 29 Math 2306 sec. 51 Fall 2021

Question: Could the method of undetermined coefficients be
used to find particular solutions to the ODEs

y'+y=tanx, or x2y"+xy —4y=e*?
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Section 10: Variation of Parameters
We're still interested in linear, nonhomogeneous ODEs. Something of
the form

dn gn-1 d
an(x )dX}r:+ n—1(X )dTJ+"'+a1(x)di};+30(x)y:g()()'

The previous method (undetermined coefficients) can only be applied
if the left side is constant coefficient and the right side is a of a certain

type.

If we want to solve an equation that doesn’t have a constant coefficient

left

e.g. x%y"+xy —4y=e¢,

or doesn’t have the correct sort of right hand side
e.g. y” + y = tanX,

we’ll need another solution process.
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Variation of Parameters

For the equation in standard form

d?y dy _
v + P(X)a + Q(x)y = g(x),

suppose {y1(x), y2(x)} is a fundamental solution set for the
associated homogeneous equation. We seek a particular solution of
the form

Yo(X) = ur(X)y1(x) + uz(X)y2(x)

where vy and u» are functions we will determine (in terms of y4, y» and
9)- \0 .= C \O\(x\ + (2 kﬁi(x)

This method is called variation of parameters.
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Variation of Parameters: Derivation of y,

y'+ P(x)y' + Q(x)y = 9(x)

(o= \I\OV‘Q %""-"

Set  yp = ui(X)y1(X)+u2(x)y2(x) pansoas Uy me Ue
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, \ / . |
Ge' = Uyl +Uay,+ WYy * Ue Ya
Remember that y/' + P(x)yj + Q(x)y; =0, fori=1,2
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Example:
Solve the ODE y” 4 y = tan x. Y:=YetYe
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2 V= Cos X 3
_ SintX é¥ _ -
= Cos ¥ = Cas X

= (e ) dx

w, = Siax — 0. \Seex +§-M>c\
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s = SM Ax;g—\—wvcosx

W

(.kz = Sg-‘*\% AY = - Gesx

Y. ° Cos x Yy, : Sinx

y‘_P‘.: u\9| -+ \A.Z\O_._
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The ?e,\e_hd_ caloh om

\:) = C\COSX -+ Cz%\f\x — Cosx DV\\&LX‘P A’W\X\‘
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