
Math 3260 Practice -The Fundamental Theorem of Linear Algebra
The Fundamental Theorem of Linear Algebra states that for m× n matrix A,

1. rank(A) = dim(CS(A)) = dim(RS(A)),
2. rank(A) + nullity(A) = n, and

3. x⃗ · y⃗ = 0 for every vector x⃗ ∈ RS(A) and vector y⃗ ∈ N (A), and similarly, u⃗ · v⃗ = 0 for every vector
u⃗ ∈ CS(A) and vector v⃗ ∈ N (AT ).

Question 1. Use the Fundamental Theorem of Linear Algebra (mostly the rank-nullity theorem) to answer
each question.

(a) If A is a 5× 17 matrix, and rank(A) = 3, what is the dimension of N (A)?

dim(N (A)) is the nullity. Since n = 17, and rank plus nullity equals n, dim(N (A)) = 17− 3 = 14.

(b) If A is a 5× 17 matrix, and rank(A) = 3, what is the dimension of N (AT )?

This is the same as the first question but with n = 5. So dim(N (AT )) = 5− 3 = 2.

(c) If B is an 8× 10 matrix, and dim(N (B)) = 4, how many zero rows does rref(B) have?

The n = 10. So rank(B) = 10− 4 = 6. Since the rank is the same as dim(RS(B)), rref(B) will
have six nonzero rows. Since there are 8 rows total, rref(B) will have 2 rows of all zero.

(d) If H is a matrix with rank(H) = 5, and the equation Hx⃗ = 0⃗8 gives rise to four free variables, what
size is H (how many rows and how many columns)?

The nullity is the same as the number of free variables, so n = 5 + 4 = 9. Since the zero vector in
Hx⃗ = 0⃗8 is in R8, H must have 8 rows. So H is 8× 9.

Question 2. Let T be the set of two of vectors, T = {⟨2, 1,−3⟩, ⟨4,−2, 5} in R3, and consider the
subspace S = Span(T ) of R3. Find a basis for the subspace S⊥, the set of all vectors in R3 that are
orthogonal to all of the vectors in S.

Okay, hopefully this makes you think about the last part of the FTLA because it’s about subspaces that are
orthogonal. If S is the row space of some matrix, then the null space of that same matrix will contain all of
the vectors orthogonal to everything in S. So just make a matrix having the vectors in T as its rows. Let

A =

[
2 1 −3
4 −2 5

]
. Then rref(A) =

[
1 0 −1/8
0 1 −11/8

]
.

So Ax⃗ = 0⃗2 for x⃗ in R3 if x1 = x3/8, x2 = 11x3/4 and x3 is free.

x⃗ = x3 ⟨1/8, 11/4, 1⟩ .

A basis for S⊥ is {⟨1/8, 11/4, 1⟩}. (A nicer example would be to set x3 = 8 and use the set {⟨1, 22, 8⟩}.)


