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1 Cut vertices

Near the beginning of the semester, we discussed connected components of graphs. For many
graph-theoretical problems we’ve solved since then, these components don’t interact at all: we can
solve the problem for a graph with many connected components by solving it on each component
separately.

One step up from this, but very similar in flavor, are graphs with cut vertices. Formally:

• If G is a connected graph, a vertex v ∈ V (G) is a cut vertex if G− v is not connected.

• Very occasionally, we might want to talk about cut vertices when G is not connected. In that
case, it makes sense to say that v is a cut vertex if G − v has more connected components
than G.

Let’s see how this helps us break a problem down into simpler problems. In all of these, let’s say
that G1, G2, . . . , Gk are the connected components of G − v, but with v added back in. Here’s a
picture to help make this make more sense:

G1

G2

G3

G4

All the graphs G1, G2, . . . , Gk contain v, and they overlap only at v.

How does this help us break down a problem? Here are some examples.

• If our goal is to tell if G is planar, it’s enough to know if G1, G2, . . . , Gk are all planar. If
they are, then they each have an embedding where v is one of the vertices on the unbounded
face. Then we can join the embeddings together at v like the petals of a flower (or like the
graphs in the diagram above).

• If we want to find a proper coloring of G, it’s enough to color G1, G2, . . . , Gk. Relabel the
colors in their colorings so that v has the same color in each of them. Then, we can use those
colorings to color all of G.

In particular, χ(G) = max{χ(G1), χ(G2), . . . , χ(Gk)}.
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• If we want to find the largest clique in G, it’s enough to find the largest clique in each of
G1, G2, . . . , Gk: a clique in G must be entirely contained in one of these.

Just as with chromatic number, we have ω(G) = max{ω(G1), ω(G2), . . . , ω(Gk)}.

• Every spanning tree ofG can be obtained by putting together spanning trees ofG1, G2, . . . , Gk.
This can be useful for finding a minimum-cost spanning tree, or by counting the number of
possible spanning trees.

There are other problems in graph theory that become easier when we located a cut vertex; some
we have talked about, and many we have not!

2 2-connected graphs

A graph G on at least 3 vertices is 2-connected if G is connected and has no cut vertices: for all
v ∈ V (G), G− v is also connected.

(Why “at least 3 vertices”? This is added because the graph K2 (with only 2 vertices) also has
no cut vertices; we don’t consider it 2-connected, since it lacks many of the properties of other
2-connected graphs.)

Knowing that a graph does have a cut vertex gives us a way to break it down into simpler pieces.
But we might also want to understand 2-connected graphs, for two reasons:

• In practical problems, because they represent networks with some amount of resilience. For
example, a 2-connected computer network is one that continues to be connected if something
happens to one of the computers. A 2-connected airline network is one that continues to be
connected if something happens to one of the airports.

• In theoretical problems, it lets us make extra use of cut vertices. If cut vertices let us simplify
a particular problem, then it’s enough to solve the problem for 2-connected graphs. Is this
easier? That depends on how many properties of 2-connected graphs we know!

There are many properties of 2-connected graphs, but today we will see a fundamental one:

Theorem 2.1. G is 2-connected if and only if any two vertices of G lie on a common cycle.

The easy direction of this theorem is to show that if G has this property, it is 2-connected.

Suppose any two vertices of G lie on a common cycle, and we delete vertex v. Let u,w be any
other vertices of G. Then since u and w lie on a common cycle in G, one of two things can happen
in Gv:

• The cycle survives intact.

• The cycle contained v, and falls apart into a path containing u and w.

In either case, the cycle or its remnant contains a u − w path, so in particular there is a u − w
path in G − v. Since u and w were arbitrary, G − v is connected; since v was arbitrary, G is
2-connected.

We will not prove the hard direction of this theorem today (though a proof is included at the end
of these lecture notes). Later, we will prove a more general result that implies it.
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3 Ear decompositions

Theorem 2.1 is a useful characterization of 2-connected graphs, but it’s hard to use it to check if
a graph is 2-connected. We’d have to find lots of cycles to demonstrate that there’s one through
any two vertices. That’s not much easier than checking that G − v is connected for every vertex
v.

We would like to have a “short certificate” that a 2-connected graph really is 2-connected. One
way to do this is through ear decompositions.

An ear of a graph G is a path in G in which every vertex except the first and the last (every
internal vertex) has degree 2. When we add an ear to a graph G, we pick two vertices v, w of G
and create an ear by adding entirely new edges and (if the ear has length 2 or more) entirely new
internal vertices to form a v − w path. This is actually easier to show than to explain. Here is a
cube graph, and a cube graph with an ear added:

In particular, adding an edge to G (and no new vertices) is adding an ear of length 1.

Lemma 3.1. If G is a 2-connected graph and we add an ear to G, the resulting graph is also
2-connected.

Proof. Let H be a graph obtained from G by adding a v − w ear with k ≥ 0 internal vertices
x1, x2, . . . , xk. We will check that the new graph H still does not have a cut vertex.

To do this, we see what happens when we delete a vertex of H:

• Suppose we delete a vertex u ∈ V (G), u 6= v, w. Because G − u is connected, all vertices of
G− u are in the same connected component of H − u. Also, x1, x2, . . . , xk all have a path to
v and to w, so they are also in that same connected component: H − u is connected.

• If we delete v or w, essentially the same thing happens. The only change is that for
x1, x2, . . . , xk, we should observe that we still have a path to whichever of v or w we didn’t
delete.

• If we delete one of the new vertices xi, then G remains connected (we didn’t touch it); vertices
x1, . . . , xi−1 still have a path to v; vertices xi+1, . . . , xk still have a path to w. As a result,
H − xi is still connected.

In all cases, H has no cut vertices, so H is 2-connected.

Here is a quick application of Lemma 3.1:

Corollary 3.2. If G is 2-connected, and u, v, w are any three vertices, then G has a u − w path
that passes through v.
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Proof. Add an ear of length 2 to G: an ear (u, x, w) where x is the new vertex. The result is
2-connected, so by Theorem 2.1, there is a cycle through x and v in it. The vertices adjacent to x
on that cycle must be u and w, since x has no other neighbors. So when we delete x (returning to
G), the result is a u− w path that still passes through v.

But here is the primary reason we want Lemma 3.1. Suppose we start from a cycle graph: that’s
2-connected, because deleting any vertex leaves a path. Then, we add an ear to this cycle graph
(getting another 2-connected graph). Then, we repeatedly add ears. By Lemma 3.1, the result will
always be 2-connected.

An ear decomposition of G is a sequence of ear-adding steps that starts at a cycle graph and ends
at G. This is a proof that G is 2-connected. Formally, an ear decomposition is a decomposition of
G as union G = G1 ∪G2 ∪ · · · ∪Gk where:

• G1 is a cycle.

• For each i ≥ 2, Gi is an ear of G1 ∪G2 ∪ · · · ∪Gi.

• To be clear (this follows both from the definition of an ear, and from the definition of a
decomposition) there are no edges shared between G1, G2, . . . , Gk: each edge of G is in exactly
one of these graphs.

Such a decomposition may be a bit tricky to find (though it’s not too hard) but it is easy to check.
For example, here is a proof by ear decomposition that the cube graph is 2-connected:

Does such a proof always exist? Yes!

Theorem 3.3. If G is a 2-connected graph, then it has an ear decomposition.

Proof. To prove this theorem, we have to reason in the opposite way from Lemma 3.1.

To find the ear decomposition G = G1 ∪G2 ∪ · · · ∪Gk, we can start by letting G1 be any cycle in
G. (A cycle must exist, by Theorem 2.1.)

Next, supposed we’ve constructed G1 ∪ G2 ∪ · · · ∪ Gi, but it’s still a proper subgraph of G. We’d
like to be able to make it bigger, by adding an ear—but adding an ear that’s still entirely contained
in G.

Let Vi be the set of vertices included in G1, G2, . . . , Gi. The first question is: is Vi = V (G)? If it
is, then we’re nearly done, and finishing the ear decomposition is easy. Pick any edge of G not in
G1 ∪G2 ∪ · · · ∪Gi, and make that edge its own ear (of length 1).

So suppose that there is a vertex v /∈ Vi; also, pick two vertices u,w ∈ Vi. By Corollary 3.2, there
is a u − w path P in G passing through v. To turn P into the ear Gi+1, truncate it: start at the
last vertex of Vi that occurs before v, and end at the first vertex of Vi that occurs after v.
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In both cases, we’ve constructed a new ear Gi+1, making G1 ∪G2 ∪ · · · ∪Gi+1 bigger. Keep going
until we end up building all of G.

4 Optional: proof of Theorem 2.1

We will not cover this proof in class because we don’t have the time for it, and because we will
prove a more general theorem later that has Theorem 2.1 as a special case. But here is a proof if
you would like to see what it looks like.

We have already seen why the condition in Theorem 2.1 is sufficient for a graph to be 2-connected,
so here we will prove that it’s necessary.. In other words, we will prove that if G is 2-connected,
then for every two vertices v, w, there is a cycle in G containing both v and w.

To do this, we induct on the distance d(v, w). That is, we will begin by showing it for vertices v, w
with d(v, w) = 1. Then, we’ll show that if it’s always true when d(v, w) = k− 1, it’s also true when
d(v, w) = k.

When d(v, w) = 1, v and w are adjacent. Also, we can’t have deg(v) = deg(w) = 1, because then
{v, w} would be a connected component of G: they wouldn’t have edges to any other vertices. This
contradicts our assumption that G is a 2-connected (and therefore connected) graph, and has at
least 3 vertices.

So suppose that deg(v) = 1, and take any vertex u other than w which is also adjacent to v. Because
G− v is connected, there must be some u−w path (u, x1, x2, . . . , xk, w) in G− v. Therefore in G,
there is a cycle (u, x1, x2, . . . , xk, w, v, u) which contains both v and w. We have proven the base
case of our result: the d(v, w) = 1 case.

Now assume that any two vertices at distance k − 1 lie on a common cycle, and let v, w be two
vertices with d(v, w) = k. How do we use the induction hypothesis? Well, let x be the first vertex
on some shortest path from v to w. This means d(x,w) = k − 1: to get from v to w in k steps, we
first go to x, and then take k − 1 more steps to get from x to w.

By induction, x and w lie on a common cycle. As before, we interpret this as two x−w paths that
share no vertices other than x and w. We’ll call these paths P and Q, giving us the first diagram
below:

P

Q

v x w
P

Q

R

v x w

(Note that all of these diagrams represent only part of what’s going on in the graph G: the part
we’ve been able to prove exists!)

Actually, the diagram could look slightly different. It’s possible that one of P or Q passes through
v. In that case, we’re already done: together, P and Q would form a cycle containing both v and
w. So we will assume that v does not lie on P or Q: the diagram above is accurate.
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We know x is not a cut vertex, because we know that G has no cut vertices. Therefore G − x is
still connected; in particular, there is still a v − w path in G− x. Call such a path R.

We could end up in a nice and easy case where R does not share any vertices with P or Q. In that
case, we can find a cycle that contains v and w: go from v to x, follow P (for example) to w, then
follow R back to v. However, in general, R could share many points with both P and Q; we have
a situation like the one shown in the second diagram above.

Without loss of generality, suppose that when we follow R from v to w, we intersect Q before we
intersect P , as in the diagram. (Why is this without loss of generality? Because we currently don’t
know anything to distinguish P from Q. So if things were the other way around, we could just
switch which x− w path we’re calling P , and which one we’re calling Q.)

Now we can find a cycle containing v and w as follows. Begin by following the path R from v until
we first get to a vertex of Q. From there, follow the remainder of Q until we get to w. We still
have not touched any vertex of P , so we can follow P back to x. Finally, take the edge xv back to
v, getting a cycle.

This proves that any two vertices v, w with d(v, w) = k lie on a cycle, assuming this for vertices at
distance k− 1. By induction on the distance, we conclude that this is true for any pair of vertices,
proving the theorem.
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5 Practice problems

1. Let G be a graph consisting of two copies of K5 joined at a vertex:

How many spanning trees does G have? (Recall that Kn has nn−2 spanning trees.)

2. Suppose G has a cut vertex v and graph G1, G2, . . . , Gk are defined as in the first section of
these lecture notes.

Explain why knowing the independence numbers α(G1), α(G2), . . . , α(Gk) is not enough to
find α(G).

3. Find an ear decomposition of:

(a) K3,3.

(b) K2,5.

(c) K2,n for every n.

4. Prove that if G is 2-connected and e, e′ are any two edges, then G has a cycle containing both
e and e′.

(Use Theorem 2.1. The idea of the proof of Corollary 3.2 might help.)
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