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Decimal Numbers: Big Assumption
Teaching and learning of decimal numbers should 
take advantage of characteristics familiar to 
students.

• Whole number
• Fraction



Fractions and Whole/Decimal Numbers
• Fractions and decimal numbers are two notation systems for 

numbers that require units less than one.
• Numbers are expressed in terms of units.

• Units for whole/decimal numbers: powers of 10
• Units for fractions: unit fractions indicated by the denominator

• 1
𝐷𝐷

= one of D equal partitioning of 1

• Decimal numbers have the characteristics of both fractions 
and whole numbers.

• Decimal fractions: fractions with denominators of powers of 10
• Extending decimal numeration system.



Grade Fractions Decimal Numbers

1 & 2 Foundations – partitioning of 
shapes (1.G & 2.G)

3 Formal introduction – focus on 
unit fractions (3.NF)

4 Equivalent fractions
+/−: like denominators
×: by whole numbers (4.NF)

Decimal numbers as “decimal notation” of 
fractions – 10th and 100th

4.NF.C Understand decimal notation for 
fractions, and compare decimal fractions.
4.NF.C.5 Express a fraction with denominator 10 
as an equivalent fraction with denominator 100, 
and use this technique to add two fractions with 
respective denominators 10 and 100.
Footnote: … addition and subtraction with unlike 
denominators in general is not a requirement at 
this grade.

Fractions and Decimal Numbers



Grade Fractions Decimal Numbers

5 +/-: unlike denominators
×: by fractions
÷: 
whole number ÷ unit fraction
unit fraction ÷ whole number
(5.NF)

Decimal numbers through 1000th

(5.NBT)
+/−/×/÷: through 100th

With concrete models, drawings, 
strategies based on place value, 
properties of operations; relate 
strategy to written method 
(5.NBT.B.7)

6 ÷: fraction ÷ fraction
Invert-and-multiply algorithm
(6.NS)

Fluency with the standard 
algorithms (6.NS)

Fractions and Decimal Numbers



• Positional: where a numeral is written matters.
• Each position (place) represents a specific value.

Structure of Whole/Decimal Numbers



5 五

55 五十五

505 五百五

5005 五千五

50005 五万五

Positional vs. Non-positional System
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Positional vs. Non-positional System



• Positional: where a numeral is written matters.
• Each position (place) represents a specific value.
• Adjacent positions (places) are always in 1 to 10 

relationship – 10 of a smaller units make up 1 of the next 
larger unit.

Whole/Decimal Numbers



Tokyo Shoseki (2010) Gr.4 p. A94

Place values



Multiplication/division by 10

Tokyo Shoseki (2010) Gr.3 p. A86



Multiplication/division by 10

Tokyo Shoseki (2010) Gr.5 pp. A8 & A9



• With the decimal numeration system, a number is 
represented as accumulation of units (powers of 10).

• 2345 is made of
• 2 units of 1000
• 3 units of 100
• 4 units of 10
• 5 units of 1

Whole/Decimal Number
Relative Size of Numbers



• With the decimal numeration system, a number is 
represented as accumulation of units (powers of 10).

• 23.45 is made of
• 2 units of 10
• 3 units of 1
• 4 units of 0.1
• 5 units of 0.01

Whole/Decimal Number
Relative Size of Numbers



• With the decimal numeration system, a number is 
represented as accumulation of units (powers of 10).

• 2345 is made of
• 2 units of 1000
• 345 units of 1

• 2345 is made of
• 23 units of 100
• 45 units of 1

• 2345 is made of
• 234 units of 10
• 5 units of 1

• etc.

Whole/Decimal Number
Relative Size of Numbers



• With the decimal numeration system, a number is represented 
as accumulation of units (powers of 10).

• 23.45 is made of
• 23 units of 1
• 45 units of 0.01

• 23.45 is made of
• 234 units of 0.1
• 5 units of 0.01

• 23.45 is made of
• 2 units of 10
• 34 units of 0.1
• 5 units of 0.01

• etc.

Whole/Decimal Number
Relative Size of Numbers



Distinguishing the questions:
• What is the digit in the ______ place of this number?
• How many _____ are in this number?

Example: 43.148
• What is the digit in the hundredths place?
• How many hundredths are in this number?

Whole/Decimal Number
Relative Size of Numbers



Addition and subtraction of decimal numbers
• Thinking in terms of units other than 1
• Numbers can be added/subtracted only if they are 

referring to the same unit.

Regularity in Repeated Reasoning



Tokyo Shoseki (2010) Gr.3 pp. B19 & B20



Tokyo Shoseki (2010) Gr.3 pp. B51 & B52



Emphasizing repeated reasoning



Tokyo Shoseki (2010) Gr.1 p. 128

Tokyo Shoseki (2010) Gr.2 pp. A60 & A61



In the Japanese curriculum
• Multiplying decimal numbers by whole numbers in Grade 4
• Multiplying by decimal numbers in Grade 5

• CCSS 4.NF.4: multiplying fractions by whole numbers
• CCSS 5.NF.4: multiplying by fractions

Multiplication of Decimal Numbers



• Continue to make use of decimal units

Multiplying decimal numbers by whole numbers

Tokyo Shoseki (2010) Gr.4 
pp. B73 & B74



• Make use of property of multiplication

Tokyo Shoseki (2010) Gr.4 p. B74

Tokyo Shoseki (2010) Gr.3 p. B64

Multiplying decimal numbers by whole numbers



Property of Multiplication

When a factor in a multiplication expression is multiplied by a 
number, the product will also by the same number times as much 
as the original product.

Example:
4 × 5 = 20

4 × 3 × 5 = 20 × 3
4 × 5 × 2 = 20 × 2



• Making sense of multiplication by 
decimal numbers first

Multiplying by decimal numbers

Tokyo Shoseki (2010) Gr.5 pp. A31 & A32



• Making sense of multiplication by fractions first

Multiplying by fractions

Tokyo Shoseki (2010) Gr.6 p. A34



• Thinking in terms of decimal units
• Using property of multiplication

Ways to multiply by decimal numbers

Tokyo Shoseki (2010) Gr.5 p. A33



• Thinking in terms of fraction units
• Using property of multiplication

Ways to multiply by fractions

Tokyo Shoseki (2010) Gr.6 p. A25



• Thinking in terms of decimal units
• Using property of multiplication
• (If multiplication by fractions has been studied first) Change 

decimal numbers to fractions with powers of 10 as their 
denominators then multiply.

Ways to multiply by decimal numbers



In the Japanese curriculum,
• Dividing decimal numbers by whole numbers in Grade 4
• Dividing by decimal numbers in Grade 5

Division of decimal numbers



• Making use of context
• Making use of decimal units

Dividing decimal numbers by whole numbers

Tokyo Shoseki (2010) Gr.4 pp. B80 & B81



• What if the dividend is not evenly divisible?
• Remainder
• Dividing on

Dividing decimal numbers by whole numbers

Tokyo Shoseki (2010) Gr.4 pp. B86 & B87



Dividing fractions by whole numbers

Tokyo Shoseki (2010) Gr.5 pp. B91 & B92



• Making sense of dividing by decimal 
numbers first

Dividing by decimal numbers

Tokyo Shoseki (2010) Gr.5 pp. A45 & A46



• Thinking in terms of decimal units
• Using property of division

Ways to divide by decimal numbers



Property of Division
• If the dividend is multiplied by a number, the quotient will be the 

same number times as much as the original quotient.
Example:

48 ÷ 6 = 8
48 × 3 ÷ 6 = 8 × 3

• If the dividend and the divisor are multiplied (or divided) by the 
same number, the quotient remains unchanged.

Example:
48 ÷ 6 = 8

48 × 3 ÷ 6 × 3 = 8
48 ÷ 3 ÷ 6 ÷ 3 = 8



• Thinking in terms of decimal units
• Using property of division

Ways to divide by decimal numbers

Tokyo Shoseki (2010) Gr.5 p. A47



• Thinking in terms of fraction units
• Using property of division

Ways to divide by fractions

Tokyo Shoseki (2010) Gr.5 p. A47



• In order for students to look for and make use of structures 
in learning of decimal numbers, structures must become a 
focus in their learning of whole numbers (and fractions).

• It is helpful to have a curriculum flow that makes use of 
structures as a theme.

Final Thoughts



• In order for students to look for and express regularity in 
repeated reasoning with decimal numbers, reasoning must 
become a focus in mathematics lessons. 

• Tasks for lessons must be carefully chosen so that desired 
reasoning is more likely to arise from students. 

Final Thoughts



Thank you!
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