Arithmetic with decimals: How to
build on students’ prior learning

2024 NCTM Annual Meeting

Tad Watanabe
Kennesaw State University
tad.watanabe@kennesaw.edu
https://facultyweb.kennesaw.edu/twatanab/index.php

KENNESAW STATE
J UNIVERSITY




Decimal Numbers: Big Assumption

Teaching and learning of decimal numbers should
take advantage of characteristics familiar to
students.

 Whole number
* Fraction




Fractions and Whole/Decimal Numbers

» Fractions and decimal numbers are two notation systems for
numbers that require units less than one.

* Numbers are expressed in terms of units.
 Units for whole/decimal numbers: powers of 10
 Units for fractions: unit fractions indicated by the denominator
. % = one of D equal partitioning of 1

 Decimal numbers have the characteristics of both fractions
and whole numbers.

« Decimal fractions: fractions with denominators of powers of 10
« Extending decimal numeration system.




Fractions and Decimal Numbers

Grade Fractions Decimal Numbers
1 & 2 |Foundations — partitioning of
shapes (1.G & 2.G)
3 Formal introduction — focus on
unit fractions (3.NF)
4 Equivalent fractions Decimal numbers as “decimal notation” of

+/-: like denominators
x: by whole numbers (4.NF)

fractions — 10t and 100t
4.NF.C Understand decimal notation for
fractions, and compare decimal fractions.
4.NF.C.5 Express a fraction with denominator 10
as an equivalent fraction with denominator 100,
and use this technique to add two fractions with
respective denominators 10 and 100.
Footnote: ... addition and subtraction with unlike
denominators in general is not a requirement at
this grade.




Grade

Fractions and Decimal Numbers

Fractions

Decimal Numbers

3 +/-: unlike denominators Decimal numbers through 1000t
x: by fractions (5.NBT)
+: +/=/x/+: through 100%
whole number + unit fraction With concrete models, drawings,
unit fraction + whole number strategies based on place value,
(5.NF) properties of operations; relate
strategy to written method
(5.NBT.B.7)
6 +: fraction + fraction Fluency with the standard

Invert-and-multiply algorithm
(6.NS)

algorithms (6.NS)




Structure of Whole/Decimal Numbers

 Positional: where a numeral is written matters.
« Each position (place) represents a specific value.




Positional vs. Non-positional System
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Whole/Decimal Numbers

 Positional: where a numeral is written matters.
« Each position (place) represents a specific value.

 Adjacent positions (places) are always in 1 to 10
relationship — 10 of a smaller units make up 1 of the next
larger unit.




Place values

b Write the number that | O
goes in each of the  on 70 | |10times
the right. — | R _—
Also, write a number in 0|

each of the

times
—=0.0] ==

times

—0.001—
Tokyo Shoseki (2010) Gr.4 p. A94




Multiplication/division by 10

@ If you multiply 25 10 times, then another |0 ‘

times, what number will you get?

¥ How many times as much will it be if you multiply a number |0

times and then another |0 times? - '
| 0 times 10 times oy et Tens § e
25 — 250 — 2500 215\
(10 times
\-—_-/ 25X 10 :/2 i 5 l/C) 4 100 times
! P I~ ,f'O“D}G“
times 250)( IO... 2 i 5 i O i O ,-______.J.

What number is 200 divided by 10?

- 0000000000
W= 0000000000

Divided by 10

200 ——— 20

Tokyo Shoseki (2010) Gr.3 p. A86
20010 =

Headrod

Tens

-,

2,0

2

0
0

“Divided
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Multiplication/division by 10

Investigate what happens to 3.75 when it is made |0 times

and | 00 times as much.

./.
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Tokyo Shoseki (2010) Gr.5 pp. A8 & A9

Investigate what happens to 25.7 when it is madeﬁand
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Whole/Decimal Number
Relative Size of Numbers

» With the decimal numeration system, a number is
represented as accumulation of units (powers of 10).
» 2345 is made of
« 2 units of 1000
« 3 units of 100
* 4 units of 10
* 5 units of 1




Whole/Decimal Number
Relative Size of Numbers

» With the decimal numeration system, a number is
represented as accumulation of units (powers of 10).
« 23.45 is made of
e 2 units of 10
* 3 units of 1
* 4 units of 0.1
* 5 units of 0.01




Whole/Decimal Number
Relative Size of Numbers

* With the decimal numeration system, a number is
represented as accumulation of units (powers of 10).

e 2345 is made of
e 2 units of 1000
e 345 units of 1

e 2345 is made of
e 23 units of 100
e 45 units of 1

e 2345 is made of
e 234 units of 10

* 5 units of 1 y
* efc. % U




Whole/Decimal Number
Relative Size of Numbers

» With the decimal numeration system, a number is represented
as accumulation of units (powers of 10).
« 23.45 is made of

e 23 units of 1
e 45 units of 0.01

e 23.45 is made of
e 234 units of 0.1
e 5 units of 0.01

e 23.45 is made of
e 2 units of 10
e 34 units of 0.1

* 5 units of 0.01 KENNESAW STAT
. efc. il N1




Whole/Decimal Number
Relative Size of Numbers
Distinguishing the questions:
« What is the digit in the place of this number?
* How many are in this number?

Example: 43.148
* What is the digit in the hundredths place?
 How many hundredths are in this number?




Regularity in Repeated Reasoning

Addition and subtraction of decimal numbers
 Thinking in terms of units other than 1

« Numbers can be added/subtracted only if they are
referring to the same unit.




¥ Addition and Subtraction of Decimal Numbers

A big bottle contains 0.5L of juice
and a small bottle contains 0.3L of

juice.
How much juice is there altogether?

‘\;ﬂm IL IL

4

2 Let’s think about how to calculate.

1 How many 0.1 L are in 0.5L

“ [ I¥ we think 0.1L as a unit. ]
and 0.3L each? e < [+ |se...
Hirekh

ﬂ Explain how the calculation on
the right was done.

Think about how to calculate 0.4+0.7.

A

ﬂ' If you t-hink of 0.1 :15-:1 unit, (0.4 is made of ._. 0.1, and )
what kind of calculation 2N 07 is made of JO. Is. so ...
does 0.4+0.7 become? Yumt :

@ There is 0.8L of juice.
She drank 0.3L of it.
How many L of juice are left?

‘z Let's think about how to calculate.

1 How many 0.1L are in
0.8L and 0.3L each?

If we think 0.1L as
a unit, 2t

ﬁ Explain how the calculation on

the right was done.

Think about how to calculate | .4—0.6.

b >
¥r If you think of 0.1 as a unit,
what kind of calculation does '?I
| .4—0.6 become? Takumi

| .4 is made chl 0.1's, and
0.6 is made of 70. I's, sa...

Tokyo Shoseki (2010) Gr.3 pp. B19 & B20




.3 L
Therms—loLof]mcema

carton and IE—DL in a bottle.

Tokyo Shoseki (2010) Gr.3 pp. B51 & B52

How much juice is the
altogether in L?

ﬁ Write a math sentence. \\ e
4

‘z Let's investigate to find outif we
can do addition with fractions.

If they are dacimal 2
numbers, 0.3 + T ﬂ
o

0.2 =0.5, but__.

There is % L of juice.

Feem If a girl drinks % L of juice,

. , Think about it - .
B Let's hink about how to calculate L@ loaking atthe how much juice will be left

3 2 fractions as how

+ : i ?

To o mary -t in L? _
— | L— — | L—— —IL N
- E = ﬂ Write a math sentence. \ M
e e T ? Let's investigate to find out if we

| | | can do subtraction with fractions.
of7gL |of7gL lof gL

' ﬁ Let's think about how to 'L
Ii + % = Calculate-é-—-é- .
e,

i _ L — If you think about it with
5 5 L | =] ) %L as a umit. ..




Emphasizing repeated reasoning

L 0.3Lis
Hewe much juice is 3 I dar if
= i 7 We thought of = wondar if we can
there altogether in LS B the L-:l:qunit I L. 02L sy e e
’ froctions the same
ko caculate is —IED_L' way we did with whola
T numbers or decimal
didn’t we! 50... numbers.




3 There are 60 pieces of colored paper.
If we use 20 pieces, how many will be left?

-

@ How many pieces of colored paper are there altogether?
\ If we think

about it in

bundles of 10,

w there are 5 F _
bundles and 2 H I . If we think
bundles, so... | 4 - .+ about it in

. I e bundles of
w0

so+20= | [® -
S 60— 20 =

Tokyo Shoseki (2010) Gr.1 p. 128

Tokyo Shoseki (2010) Gr.2 pp. A60 & A1

D Think about how to calculate 600—200.

Think about how to calculate 300+200.

When we calculate
% tens, we think with
&

bundles of ten so... .. A
@ ﬁ Explain the calculation by thinking the same way as (3).

600—200 =




Multiplication of Decimal Numbers

In the Japanese curriculum
* Multiplying decimal numbers by whole numbers in Grade 4

» Multiplying by decimal numbers in Grade 5

« CCSS 4.NF.4: multiplying fractions by whole numbers
» CCSS 5.NF.4: multiplying by fractions




Multiplying decimal numbers by whole numbers

* Continue to make use of decimal units

@ We bought 6, 0.3L

cartons of juice. How much
juice is there altogether?

Tokyo Shoseki (2010) Gr.4
pp. B73 & B74

0 03 CI(L)
] ] xplain the following two students” ideas.
| Explain the foll z d d
I ! ! ' I I } ﬁf Kacri -~
0 I 2 3 & 5 & (Cartons) A =0 03 O (L)
ﬂ What math sentence should we write? O-5L ~ 3dL. e
- If we think in berms 0-“—(-] I T T T 6 e rtoms]
. {cartons |
Mah - i of dL as the unit, Since 0.3L is the amount made of 3 0.1L,
by . Can you explain Ix6=18 o .
seniemes the reasen for we can think in terms of 0. | as the unit.
* the math sentence? 1BdL = L I%x6=18
r . 18 0.1L togeth rill be L.
? Let's think about how to calculate. CaEe
G Answer L .
Answer L

They are both changing the decimal
m number into a whole number, aren’t they?




Multiplying decimal numbers by whole numbers

» Make use of property of multiplication

ﬁ Think about how to calculate 03xbh=|.8 =
(decimal number) * (whaole number) l Hmes 1 tlm"i,'—DiDiﬁﬂew )
based on the way we calculate I 6= |8 ’
(whole number) * {whole number). Tokyo Shoseki (201 0) Gr4 p. B74

The product of 0.3%6 can be calculated by first making 0.3 10
times as much, then by calculating 3% 6, and then by dividing
the product by 10.

The answer for 5x30 is the same as | 0 times as much as
5 3. Therefore, the answer is the same as placing a 0 to

the right of |15. Tokyo Shoseki (2010) Gr.3 p. B64

B When the number in the
Ex 3 = 15 e multiplier becomes [0

lmu— ln:-m. tilﬂ'IESbGIE mu:hi 5hé_' answer
B a Is:- ecomas |0 times as KENNESAW STATE
5x30=150 much. %UNIVERSITY




Property of Multiplication

When a factor in a multiplication expression is multiplied by a

number, the product will also by the same number times as much
as the original product.

Example:
4x5=20
(4%x3)x5=20x%x3
4x(5x2)=20x%x2




Multiplying by decimal

» Making sense of multiplication by
decimal numbers first

Tokyo Shoseki (2010) Gr.5 pp. A31 & A32

| meter of ribbon costs 80 yen. I bought 2.3m of the ribbon,

how much was the cost?

0 80 L] (yen)

L L L L L

I T I T L

0 [ 2 23 3 (m)

? Let's think about what math If it were 3m.we |
sentence we should write. . N
\Mm a— could think of it as
\ Sensonce .‘?ﬂ'r', " three times the cast
4 Talumi _.af Im of ribban, but...

- for Im| bought "
Hiroki A | Miho the price for Im, so...
BOx2 BOx3
0 80 O (e
 — —— —
—_—
* Explain why the math sentence is o | 2233 (m)

written in this way.

; .,lllf we buy 2m or 3m, the

m ~ | Price Length ()
2k * = | Cost piat 27 T cost will be 2 and 3 times

numbers

I thought we could
think of the lengths
as if they were

| whole numbers.

The price for Im is 80 yen.
| thought the cost for 2.3m
= should be 2.3 times 80 yen,
and that's why | thaught we
Miho | could use multiplication.

Even when the length of ribbon is a decimal number, we canuse =
a multiplication sentence to find the total cost, just like we did :

when the lengths were whole numbers.

L o About how much will it be?
80x2.3 % “ It will be greater than 802, but
BOx3. .




Multiplying by fractions

With | dL of paint, we can paint -E—rn: of boards.
How many m® of boards can we paint with %dL of

this paint?

0 [ dL)

(=

wira 4 4]
|
3

? Let’s think about what math
L With 2dL. we can think of it

s?ﬁ[:‘ce we should write. — as 2 of the amount that can
\ Senance ~ be painted with |dL, but
* Tabkumi | op —d% L...

ATea we can Amount Arag The amount of boards we
paint with 1dL | * of patnt | = [we can can paint with 2dL will be
) B {dL} palnk 2 times the area we can

paint with 1dL. So, with

2
@' \ 3 & —%—XZ

Shinji Kaor

« Making sense of multiplication by fractions first

&8 «

Tokyo Shoseki (2010) Gr.6 p. A34

] * Explain the reason for your math

0
I
i
v

sentence.




Ways to multiply by decimal numbers

 Thinking in terms of decimal units
 Using property of multiplication

—

v % Takumi
2.3m is made up of 23 0. I m pieces. N T
S0, we can find the price for 0. Im, '}’i-‘.]'l B0 yen
and then find what 23 times that 0.1 m I'm
price is. =10
B0+10 .
o/ 80 [ (yen
o [ [ ]
T T e ]
I T 1 1 1 i
0 g | 2 23 3 (m)
® Price of O_lme-80-=10
* Costof 2.3m---{B0= 10} =23
80%2.3 =80+ 10%23
= Answer yen

Tokyo Shoseki (2010) Gr.5 p. A33

\'-‘ A Ii Kaor

If the length of the ribbon becomes RBO%23=
| 0 times as long, the cost will also %10 | %10 e 10
be |0 times as much. BOx 23 = |B4D -
o&o[] 8023 (yen)
BT T T T T T T T T 1
[ !
[ T i
0123 23 (m)}
* Cost of Z3m---B0x23
* Cost of 2.3m---(80=23)+ 10
B0x23=80x23+10
= Answer yen




Ways to multiply by fractions

* Thinking in terms of fraction units
» Using property of multiplication

PN v Tokyo Shoseki (2010) Gr.6 p. A25

First, find the area of boards you can paint with ?dL, and then
double that amount.

tArea we @ paint with |dL -Z_.Muawuan;ﬂmlwith-é-d_? -Z,Ama'n'r:ar.]:\ajnl'n'im}z-c_;l- n Hiroki
I %‘_3 :'%_3 %2 If we change %irtn a whole
| e ___| S L number, we can calculate it.
o - - Jy We make the multiplier 3 times
aanuhh ar‘dtb-_"u divide the
Sie Hite  ite e
4 2 1id) 1 2 [d) 4 2 1 (dL) & 2_.-: fa Yo
3 3 3 3 3 3 E\i—g |Il~§>f3'}|73
4.2 (2.5 [
5 3~ \573)%2 _bypeq
4 —5%23
Bx3
=
= =
" =

K3 =3
Lo (Zyg) Ly
_\|n&\3}|_5\2

B0x23=184 -,

|[x10 |[x10] }[=10]
B80x 23 = 1840 -
It's the same thinking we
used with decimal numbers,
isn't it?




Ways to multiply by decimal numbers

 Thinking in terms of decimal units
 Using property of multiplication

« (If multiplication by fractions has been studied first) Change
decimal numbers to fractions with powers of 10 as their
denominators then multiply.




Division of decimal numbers

In the Japanese curriculum,
* Dividing decimal numbers by whole numbers in Grade
* Dividing by decimal numbers in Grade 5

4




Dividing decimal numbers by whole numbers

« Making use of context

» Making use of decimal units

We bought 3.6L of water. If

we share this water equally
among 3 people, how much
water will each person get?

3.6 (L)

[ JE—"

|
1
3 (People)

(A I

* What math sentence should we write?

\.‘UL'E'\
\ Senteno

| A

2 Let’s think about how to calculate,

- O O TokyoShoseki{2010)Gr4 pp-B80-& B8

¥ Explain the following two students’ ideas.

-- Takumi {.-! : I.‘ Kaor
We split 3.6L into L and 3.6L is made of 0.1k
dL. 23—
AL | dL
: ; T e
|:| |:| |:| Oooooo Each person get|  [0.1L, or
=3= (L} L.
+3= (dL)
Together, L
Can you explain
the idea behi
why you wrote Je+3= Answer L
thiz math
sentence? I\I:NNI:DI-\VV STATE

UNIVERSITY




Dividing decimal numbers by whole numbers

» What if the dividend is not evenly divisible?
* Remainder
* Dividing on

Calculate 46.7+3 using the division algorithm. Calculate If we share 6L of Jace Eq"_a“}r among 4 g Bl B {_»‘.Ei =
the quotient to the ones place, and find the remainder. people, how much juice will each =] P
person get? 7 1
PP T RE
Math o
'z Let’'s think about the size of the remainder when we divide \\\-“"”"‘"‘
44
decimal numbers.
— 64=| 6L is made of 60
— remainder 2, but ... 0.IL, so. ... m

Tekerd Kaor

? Let’s think about how to continue dividing with the division
algorithm.

Tokyo Shoseki (2010) Gr.4 pp. B86 & B87 % KENN




Dividing fractions by whole numbers

You can paint -E—m: of boards with 2dL of paint.
How many m* can you paint with | dL of this paint?

4 @ 4
':I' ;l 7 (m") Think about how to calculate —5-+3.
| | |
| | |
| | | o -
Q | 2 fdL) 43 cannot be I 'ﬁ'ur'ﬂt'df we can
N R - change — inte ancther
ﬁ What math sentence do we need to write? " ' divided completely. fraction Ei t has ¢ @
o 1 action that has a e \
T Takumi numerator that can be Miho
divided by 3 ...

A Vs
nain Q Can you T
\ Seniemio explain your imr_"_

4 answer? |

? Let's think about how to calculate.

Tokyo Shoseki (2010) Gr.5 pp. B91 & B92 KENNESAW STATE
) UNIVERSITY




Dividing by decimal numbers

» Making sense of dividing by decimal
numbers first

If the length
we bought was

Tokyo Shoseki (2010) Gr.5 pp. A45 & A46 o whcde

s [,
number, it will

be division, ...

@ We bought 2.5m of ribbon. The cost was 300 yen.

How much does | m of this ribbon cost?

0 [l 300 (yen)
| | 1 ! |
I T 1 1 T
0 | 2 25 3 (m) .
If we say the price for Im is
7 - . [ yen, the math sentence
Let’s think about what math If it were 3m, then, we could - will be C1%2.5=300.
sentence we should write. think of it as 3 pieces of Im umi Since we are trying to find
Senanca B and divide 300 yen into 3 i the value of O, | thaught it
£ : should be 300+2.5.
L] Kaori | equal pieces. But, ...
Len Pri | | Since 2.5 times as much ' - . - %
@1 il e . gthwe)| | Price all . . * Even when the length of ribbon is a decimal number, we can use ™
Heh o o5t bought(m} for Im| Wl © of the price for Im is 300 : z :
Shinji | gatm! ) Yumi yen, ... division to find the price for | m just like we did with whole
02 © numbers.
0 O ™, 300(yen) H :
s — — —_— ! ]
* Explain wh}l the math sentence is - N rrmamrerrrrTasEney e e e s -

written in this way. _.U I 2 25 LmJ._




Ways to divide by decimal numbers

 Thinking in terms of decimal units
 Using property of division




Property of Division

« If the dividend is multiplied by a number, the quotient will be the

same number times as much as the original quotient.

Example:
48 -6 =8
(48x3)+-6=8x%x3

* If the dividend and the divisor are multiplied (or divided) by the

same number, the quotient remains unchanged.
Example:
48 -6 = 8
(48%x3)+(6%x3)=8
(48+3)+-(6+3)=8 %




Ways to divide by decimal numbers

 Thinking in terms of decimal units
 Using property of division

Tokyo Shoseki (2010) Gr.5 p. A47
ﬂ@- Miho

ey n Hiroki
2.5m is made up of 25 pieces of 0. 1m. If the length of the ribbon becomes | 300 + 26 = \
300+ 95 | 0 times as long, the cost will be l w 10 ] w 10 : equal
0 f__d‘ e |:| 200 (ven) | ¥ times as much, but the price for 3000< 25 = 120/
. [ | | ’ Im does not change. :
| TR T I | L | 300 .
i : 1 : 1 i T ol 7 3003 10 (yen)
0 %g | 2 25  3(m 1
| H :
. .5 (m)

# Price for 0. lm------300+ 25 01 25 25 m

# Price for Im -----(300+25) = [0 * Cost of 25m-+--300 % 10
I00+-25=300+-25X 10 ® Price for Im---{300x 10)+25
_ Ansvrer yen 300+2.5=300% 10+25

Answer yen




Ways to divide by fractions

 Thinking in terms of fraction units

 Using property of division
Tokyo Shoseki (2010) Gr.5 p. A47

m Kaor & Shinji

First, find how much area can be painted with %E L, and then find & We can calculate if we can

times as much as that number. 3 ]
A inted by 3:"_-. { Area painted by | . ) e changuIint::a whaole
{Area painted by z-dl! {Area painted by 0L+ (Area painted by IdL} mber
2.4 (Z:3)x4
b \ —-15 "7
—%m_ - | - A i g;§="2><il'—|'léx‘.s‘|
L | | | | L | | | 5 ) -":I- '-5 -'I "-:-':k
I T T T 1 I T I I I I
01 3 Idoy 0 1 3 Idly 0 1 3 ) {2 y
A i A i [ i = lgfx 4)+3
2.3 (2. 4) 5
555~ (573)x4 =‘E4 3
__2
~Ex3 x4 -
_ X X
X —_

(20 i) e (Bon) —2non s

(54 % k) =5x4+3
.ﬁ;)’
{L..

200=25=80 =
(<100 )|
2000+ 25 =80~
It's the same idea we
used when we divided

by a decimal number,
isn't it?




Final Thoughts

* In order for students to look for and make use of structures
in learning of decimal numbers, structures must become a
focus in their learning of whole numbers (and fractions).

* |t is helpful to have a curriculum flow that makes use of
structures as a theme.




Final Thoughts

* In order for students to look for and express regularity in
repeated reasoning with decimal numbers, reasoning must
become a focus in mathematics lessons.

 Tasks for lessons must be carefully chosen so that desired
reasoning is more likely to arise from students.




Thank you!
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