Ch 8.4: Trigonometric Form of Complex Numbers

In this section, we'll introduce

1.

complex numbers and how to add or multiply two complex
numbers

2. the complex plane having real and imaginary axis

3. complex numbers to trigonometric forms

4. powers of complex numbers (and look at DeMoivre's

Theorem)

the n-th roots of complex numbers



Imaginary numbers

Notice that x2 = —1 has no real solution. However, if we define
Definition

i=+v-1

then either i or —/ satisfies the above equation. That is,

(£0)? = (£vV-1)>= -1

Example) Write the imaginary numbers in terms of i and simplify.
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Complex numbers
U
Definition (Complex Numbers) ,pseh"' ngal ¥

Complex numbers are of the form a + bi, where a, b € R, and

i=v-1 Gl b e}
Example) Find solutions to x? 4 6x + 13 = 0. Simplify the
solutions.
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Complex plane
If we let the y-axis to represent the imaginary numbers, then

imaginary
axis

3] P — a+ bi

This is called the complex plane, C.
Example) Graph the following complex numbers on the same

complex plane. M. .
1.z =5+ 4i yla, o3
2. Zy = -2 —6i 2
3. 3=5:(rp.a N 2 7> Real
4. z4=4i : gyqn }
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Adding complex numbers

Adding two complex numbers can be done as follows: if
zy = a—+ bi and z = ¢ + di are two complex numbers, then

znnt+z=(a+bi)+(c+d)=(a+c)+(b+d)i
Example)

1 (2+30)+(=5+2i) = (2-5)% (3a2)a = (-3)¢s2

3 (_5_4,')4_(—2—\@"): (-6-2) +(-u-f)a

At = s34
AL
. (A3}
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. . . »l 1Y
Multiplying complex numbers ~ «* vy a UT.) .-
Noting that i2 = —1, multiplying two complex numbers is as

follows: if zz = a+ bi and z» = ¢ + di are two complex numbers,
7120 = (a+ bi)(c + di) = ac — bd + (ad + bc)i
Examples)

L. (2+3i)(-5+2i)
2. V/—4y/—9

2,2,z (atb;) (ctds)

T Al alda) +bi)C (bl )di)

OC t ads + bl + bgo'
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Example

A
Verify that x = —3 + 2i is a solution to x? 4 6x + 13 = 0.

3
L.H.§

g

l'!*li\l ¥ ‘(-a,n_:\ 1y

"

S -
Q+20-3)(2r)+ (2a) + (-1B) t12a +1D

0

q-12. -4 -1 teagrd
T (q -4 -G +3) + (122 t023)

0 4+ oa

0 = R.AC
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Example
Write each result in a + bi form.

2
1. F
3 6++/—36
T 34+v/-9
ot St3. o+ ba 1otha 1otha 0
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Example
Graph the regions of the complex plane defined by the following:
L {z]|z| <1}
2. {z||z|] <1 & Im(z) > 0}
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Complex numbers in Trig from

For any z = a + bi, and the corresponding angle 6,

z=r(cosf + isin@)

where r = v a2 + b2

» r =|z| is the magnitude (or modulus) of z.

b

» 0 is called the argument of z and satisfies tan =

Im . .
. 2>Gtb, = U\,use ) + (ASAD) A = u(u,se-q-; SMO)

.
10 r.:)l, Az [wree

n

CosO= & 2 ks nesp
n

Sin 32%’ ) bz ASWP
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Examples

State the quadrant of the complex numbers and convert each to
trig form.

1. zg=—-1+41i
2. p=3—-4i

™
. r
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From Trig to Rectangular (or Standard) form

Plot the following complex number, and write it in rectangular
form.

1. z=2(cos(g) + isin(g))
2. z=12(cos(—5) + isin(—7%))

[ 2 N § ‘-_i+ ;.':): fito

2. Z"”.(.J:’. ;\("i)); (nr&";
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Products and Quotient of Complex numbers in Trig Form

Let z; = n(cosa + isina) and zp = r(cos B + isin 3). Then,

712y = nnfcos(a + B) + isin(a + B)]

2 E[cos(oz —pB)+isin(a—pB)], z2#0
2 n

Proof.
22,2 NN, (cosd dasmd) Lm]s +.‘sm/})

= hiny (cosd (Ip ot (-1 SMdSA\P A s.\\du)F Y| soly/))

n. M ( cus&m{3 - s.m\s-'u(s t+ A (Nult.s/H- me{s.\n/s))

S S | Cos(&t{;) t »{s-ntdfﬁ))
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Example
Let

57 .. bm
21:3<cos6—|—/sm6>

2r .. 27
Zp =2 COS?—FISIH?

Use the product formula to find
1. 212
oz

I Z-'ZL’- 12 (Co)(s-g“'li) 4 ;SM( S—2’-‘\"%))
(e e s on)

1. & .
2 -}_(m(&g-q;) ¢ hom (B-2))

0"

(e tasn(B)
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Example

Let z1 = —3++V3iand 2o = V3 +1.

1. Write z; and z in trig form, and compute z; 2.
2. Compute j—;

3. Verify the product using the rectangular form.

f = Jt-n‘um‘:Ju; ;ﬁ: ;m; 1E

h b J-’ = - A-‘ & s X
LA'e h 22 " -—s 3 Ot ('5)'
\‘ ! 0.

. 9;\(('-:\, '\'e/.. ) A Bz -9y IS0
N

! 5
oR l'ﬁ‘ﬁ\ rfflwf'»
JRYY

.00
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For2z,, r: ‘ltﬁ)"-“l z J&ﬁ =J—-’2

\ .
fua 6,2 59 0o

D 2= F (g rasmng) = 25( costise) + asinCise))

|

21 Ny (036,44500,) - 2 (Cos(30°) + ASM(30) )

Ve EL,: Ny Ay (Cos (8,102) +ism(9,19;))-.45 (costgo +ash 1g5)
1 0
[ E-‘ d L ( CO\(O.'G‘,) + ASIA (0.’9;’) : JT; (cos |L°. AASN |w,

PR | .ﬁ

1 4 2
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3. VOIF‘Q .

z1=-3+V3iand o =V3+1i

VBt (ael0) (Fe) 2 4R a0 B R

'_‘; X4}
s -4y -3 b
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DeMoivre's Theorem

Recall that if z; = ri(cosa + isina) and zo = ra(cos 3 + isin 3),
z12p = rinfcos(a + ) + isin(a + B)]
Then, letting z = z; = 2o, one sees that (n,:n,,:ﬁz , 0:d:=p )
» =107 [c.,L 6te) Gs-'n(oto\} ‘e, 2: nleset XYY
= et [cos L20) + ASm (10))
» 23 = 21-2 = riyr Loy(20¢8) ¢t asn (19#9)]
= 3 .
=T [ Cos(3@)+ atin(3e)]
Theorem (DeMoivre's Theorem)

Given z = r(cos() + isin(f)),

z" = r"(cos(nf) + isin(nd))
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Examples
1. Given z = /3 — |, compute z'.

2. Given z = —% — %i, compute z°.
3. Given z = —1 — 5/, compute z°.
" ™
ne Lty aa 2J402
L
; Red  tun(e): = 4 g -y
‘.)9 " i ) 8= -Y
Y . .*\. .
" ¢ A 22 A (040 tasMO)

= L L) 43 s (W)

927 2" (WS (1 () vasn(n- ()
s (- J.;z_ UL 6403 + a6y
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3. Given z = —1 — 5/, compute z°

m
S - JT-n‘ﬁ (-sv* :Jnus - [

S P ,\{ qs.be
v \T % .
I few tung: "2 :¢ 9 9= Mug
co -l *
v, w..h.J cal.
" - - . v
2 ! D 9= 1944 4130

2 169.64
) Z2=r(Cs@tasno)

= J5b ( Cos (268.04°) 4 sin(28.44))

9 2% [ (cos(s- 158,400 4 asn(S-258.4))

S
sy /‘( -1 1 il-.sSn))
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The nth roots theorem -re* (Orn2nk)

Let z = r(cos(0) + isin(0)) = {r-(Z)s(Q + 2mk) + isin(0 + 27rk;)

1 1{ (0 27rk> . (0 27rk>}
= zn=1rn|cOS| —+— | +isin|{—+— ¢
n n n n

Alternatively, we can write SAME

Z = r(cos(0 + 2mk) + isin(6 + 2mk))

n a -
92 =n (coo(nO+n2k)+ A sn(nd+a2ik))

: ,‘:\ (tos (ng) tA SN (ne))

. L
"= "“[ cos(2 * "—f"x“\'r&s-'n(%+ 15« )]
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Example
Find, all the fourth roots of —1 — i+/3.

0 A Z:2(cos ta sin2uo )
S 8z 1804 60 = 20
o =
Oa
.

4 ‘l' ' k- S e ’
R I AP (cn(%..‘:lr!_w_;)hs..«(y_;gu%))

=% [C“( 6o  + Gook )t asal6ot q,k'\]
. 1:"[Co>(60')+ A Sin (o) l k:o
1:" [Cos(ISo') ta SMLIQO')] K=1

2% [ oy (wo')f.:s-n(ua’)] k:2

[ )4 [ cos (330) ¢ asom (s)o')] K:}
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Example
Solve the equation x> — 1 = 0. (That is, find all the fifth roots of
1) and graph their locations in the complex plane. Also, write the

answers in rectangular form as well.

XS“°'° <) Xs=|

- [m(dmok)*& s:n(o'ﬂu&)] —_—

21
s v e
I x 5 | f[cu(of;‘ok)*,{s.‘n(oﬁlg)] 1 (cogo4a Sing)
3 C
R [cu(']zn) t{smmm)l
fl-[coso tasmo ) k=9
|- Leos M 45 envm) Ke)

Vo [ cos 144 4 o smiuy) Kl

Lo [cos ug tasng’) K9
Ly L os 238 4acmaty) K:y
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Homework for Ch 8.4

Show all work to get credit
1-15 odd, 17, 19, 20, 24, 29, 31, 34, 39, 41, 45, 47, 55, 56, 59-69
odd, 73



